Abstract-Three fundamental sine-wave inverter topologies are analyzed: two-leg (one-phase, two-wire); three-leg (three-phase, three-wire); and four-leg (three-phase, four-wire). The topologies are "full-bridge" voltage-source inverters with LC filters suitable for producing sinusoidal output voltages. The switching states and corresponding output voltage vectors produced by each inverter are identified and presented along with an analysis of the geometric arrangement of these voltage vectors. A pattern of characteristics is established whereby the "qd" modeling forms commonly used with three-leg inverters are extended to address the expanded capabilities of the four-leg inverter. A unique 424 decoupling transformation matrix is presented for the four-leg inverter that enables direct transformation between the fourdegree-of-freedom (DOF) leg-modulation space of the inverter and its corresponding 3-DOF output-voltage space. This is shown to be directly analogous to the well-known "abc-qd" transformation developed for the three-leg inverter. Fully decoupled models for each inverter are presented.
I. INTRODUCTION

P
OWER electronic voltage-source inverters (VSI's) with LC filters have long been used to synthesize ac voltage, most notably for uninterruptible power supply (UPS) applications where a constant output voltage is supplied to the load. Such sine-wave inverters (SWI's) have been constructed for single-phase and three-phase output. The four-leg inverter has been developed to provide neutral-point control for unbalanced and/or nonlinear three-phase loads [1] .
Modeling and control techniques for single-phase (two-leg) SWI's and the three-phase, three-wire (three-leg) SWI's are well established [2] - [5] . Previous analyses of the four-leg SWI have utilized the well-known 3 3 " -" transformation [6] matrix in modeling the operation of the four-leg inverter [7] . While this " -" transformation is widely used for the modeling and control of three-leg inverters, it does not adequately address the extra degree of freedom (DOF) the four-leg inverter provides.
This paper presents the switching states and output voltagevectors produced by the two-, three-and four-leg inverters, along with a geometric analysis of the arrangement of these vectors: specifically, how the leg-voltage vectors project into the output-voltage space. A pattern of characteristics is established whereby the " -" transformation used with three-leg inverters is extended to address the expanded capabilities of the four-leg inverter. A unique 4 4 decoupling transformation matrix is presented for the four-leg inverter that provides for direct transformation between the 4-DOF legmodulation space of the inverter and its 3-DOF output-voltage space. With this new " -" transformation, the legs of a three-phase, four-wire SWI can be deterministically modulated to produce arbitrary phase voltages, regardless of loading. Fig. 1 depicts a two-leg inverter with a simple LC output filter. This is the topology commonly used for single-phase SWI's. Each leg-voltage, e.g., , can be one of two states, 0 or . The inverter output voltage impressed across the LC filter is found simply as
II. TWO-LEG INVERTER
Each leg of a VSI can have one of two possible states: high (1) where the upper switch is on, or low (0) where the lower switch is on. The two-leg inverter produces a total of four (2 ) switching states, depicted in Table I . The corresponding voltage vectors are in the last column.
The two inverter legs comprise a 2-DOF system, i.e., each leg can be controlled, or modulated, independently. This can be modeled as two orthogonal axes, where each leg-voltage axis ranges from 0 to . This is defined as the leg-voltage space 0278-0046/99$10.00 © 1999 IEEE of the inverter. The output voltage can be constructed as a projection of the leg-voltage space onto a line that is perpendicular to the vector in leg-voltage space. This projection is depicted in Fig. 2 . Note that the four corners of the leg-voltage "square" in Fig. 2 represent the four switching states of the two-leg inverter.
In Fig. 2 , it can be seen that the leg voltages project into the output-voltage space as two vectors of equal magnitude equally opposed along a 1-DOF line. Note that the output-voltage space is spanned by the following two vectors: and . These are referred to as the primary voltage vectors, as all of the voltage vectors can be formed from combinations of these two. From Table I and Fig. 2 , it can be seen that two "zero vectors" are also produced that yield an output voltage of zero: vectors numbered and .
The projection from leg-voltage space to output-voltage space can be represented in mathematical terms by a transformation matrix, where the individual leg voltages are transformed into an output voltage and another "placeholder" value, designated , which can be considered a "zero-sequence" voltage
Note that the placeholder represents the loss of 1 DOF when going from leg-voltage space to output-voltage space. Several points are to be noted about the matrix. 1) The row and column vectors of comprise an orthonormal system, i.e., the vectors are perpendicular to one another and form a basis for the 2-DOF leg-voltage space. This is proven through the dot product of the vectors:
, etc. 2) Combinations of parallel to the vector in leg-voltage space (e.g., and , etc.) will produce the same output voltage, . Thus, the system is "overdetermined" for producing a given . 3) If the matrix is represented as
the and column vectors align with the primary voltage vectors, and , respectively, in the output-voltage space, i.e., . Commonly, the legs of the inverter are controlled via pulsewidth modulation (PWM) at a fixed switching frequency. The control of the inverter is then effected by controlling the duty cycle, or modulation, of each leg. While the outputvoltage space is only one-dimensional, the 2 2 transform matrix allows modulations for the two legs to be found given a single desired output voltage, , through the inverse of
where is taken as a constant (e.g., ). Note that modulation strategies, where is adjusted to maximize bus voltage utilization, are outside the scope of this paper and will not be discussed. The equivalent dynamic system for the twoleg SWI is shown in Fig. 3 , where the inverter output voltage is impressed across the LC filter. In summary, several points are noted for the two-leg inverter.
• The output voltage is found by projecting the leg-voltage space (2 DOF) onto a line (1 DOF) perpendicular to the vector in leg-voltage space. The vector represents the DOF that is lost in going from leg-voltage space to output-voltage space.
• The two leg voltages project into the output-voltage space as two opposing vectors of equal magnitude in a onedimensional space (line). These are the primary voltage vectors, and they are equally arranged in this space, i.e., the sum of the vectors gives the null vector .
• The projection from leg-voltage space to output-voltage space is represented by a transformation matrix whose upper column vectors are comprised of the primary vectors, i.e., . Similar attributes will be identified for the three-leg inverter in the next section. 
The pattern to be noted is that an -leg inverter with an -dimensional leg-voltage space can only produce an -dimensional output-voltage space. From Fig. 4 and (5), the line-to-neutral voltages are found in matrix form as
where a balanced load is assumed. A three-leg inverter has eight (2 ) possible switching states/voltage vectors, which are listed in Table II .
The three leg voltages of the inverter represent a 3-DOF system that can be depicted as three orthogonal axes. The phase voltages can be constructed by projecting the 3-DOF leg-voltage space onto a 2-DOF plane orthogonal to the vector in leg-voltage space. This is depicted in Fig. 5 , where
Vdc is used for convenient scaling. the vectors have been numbered so as to produce a positivesequence output voltage [6] . Note also from Table II The phase voltages in the plane must have their component parts summed to find the "effective" 2-DOF output voltages and . This can be represented with a transformation matrix
This is often referred to as the amplitude-invariant " " transformation [6] . The or "zero-sequence" axis is used as a placeholder so that a square 3 3 matrix is developed and, as with the two-leg inverter, represents the loss of 1 DOF when going from leg-voltage space to output-voltage space.
Points to note about the matrix are the following. vectors, e.g.,
Combining (6) and (7), the full transformation from legvoltage space to space is found
Note that, as the three-leg inverter has only a 2-DOF outputvoltage space, no zero-sequence voltage is formed. The upper column vectors of the transform are again comprised of the three primary voltage vectors. Thus, as depicted in Fig. 5 , the three leg voltages are projected into the outputvoltage space along three opposing vectors equally arranged in a plane. As was done for the two-leg inverter, the inverse of the matrix can be used to find leg modulation values from the desired values
This can be verified with (10)
[V]
As can be seen in (12), the desired output is formed. Because the transform decouples the three phase voltages into their equivalent 2-DOF components, the three-leg inverter can now be reduced to two independent single-phase circuits, as shown in Fig. 8 .
In Fig. 8 , the filter components are equal to the original components . Thus, as is widely used, the transformation allows the two output axes of the three-leg inverter to be controlled independently.
In summary, several points are noted about the three-leg inverter.
• The output voltage is found by projecting the leg-voltage space (3 DOF) onto a plane (2 DOF) perpendicular to the vector in leg-voltage space, where the vector again represents the redundant axis (i.e., loss of 1 DOF).
• The three leg voltages project into the output-voltage space as three opposing vectors of equal magnitude in a two-dimensional space (plane).
These are the primary voltage vectors, and they are equally arranged in this space, i.e., the sum of the vectors gives the null vector .
• The projection from leg-voltage space to output-voltage space is represented by a transformation matrix whose upper column vectors are comprised of the primary vectors, i.e., . A pattern of characteristics has now been identified that guides the analysis and modeling of the four-leg inverter presented in the next section. Table III have been numbered by the "binary order" of the switching states and not with respect to a switching pattern, as is done with the three-leg inverter [6] .
IV. FOUR-LEG INVERTER
The four leg voltages can be depicted as four orthogonal axes, whereby the output phase voltages can be constructed by projecting this 4-DOF leg-voltage space into a 3-DOF output-voltage space orthogonal to the vector in leg-voltage space. In constructing this projection, the pattern identified with the two-leg and three-leg inverters is followed: the leg voltages of an -leg inverter project into the output-voltage space along vectors of equal magnitude equally arranged in an -DOF space. Thus, the four leg voltages of the four-leg inverter should project into the 3-DOF output space along four vectors of equal magnitude equally arranged in a 3-DOF space. This arrangement is depicted in Fig. 10 , where the three primary voltage vectors of Fig. 7 have been augmented with an additional vector .
Note in Fig. 10 that the axis now represents another DOF, and not just a placeholder value (the circle in Fig. 10 again represents the path of balanced three-phase voltage in the plane). The vectors in Fig. 10 form the corners of a symmetrical tetrahedron and, as was recognized for the The bottom row of is found by "completing the square," where the row and column vectors are formed to be orthonormal. As with the two-and three-leg inverters, the matrix transforms phase-voltage space into an equivalent orthonormal 3-DOF output-voltage space
where the term is defined as a placeholder (for the loss of 1 DOF). This new transform is referred to as the QuadTransform. Points to note about the matrix are as follows.
1) The matrix is orthonormal and, hence, invertible, and the row and column vectors form a basis for the 4-DOF leg-voltage space. Note in (17) that the neutral leg voltage only affects the "zero-sequence" voltage . Note additionally that the upper column vectors of are again composed of the four primary voltage vectors. Thus, as was desired, the four leg voltages are projected into the output-voltage space along four opposing vectors equally arranged in a 3-DOF space. Using (17), the 16 voltage vectors of the four-leg inverter (Table III) are transformed into the new " " output-voltage space, and are shown in Fig. 11 ( Vdc is again used for convenient scaling).
In Fig. 11 , it can be seen that the voltage vectors fill out a "sphere" in space, analogous to the "circle" in Fig. 6 . Note in Table III and Fig. 11 that two zero vectors, and , are again produced. Note also that the primary vectors in Fig. 10 align with in Fig. 11 . All 16 voltage vectors of the four-leg inverter are found as combinations of the primary voltage vectors, e.g.,
As was depicted for the two-leg and three-leg inverters, the inverse of can be used to find four leg-modulation values from desired output values
This can be verified with (17) [V].
Thus, the desired output voltages are produced, excepting which is only a mathematical fabrication. Since the operation of the four-leg inverter has now been reduced to three orthogonal output voltages, the four-leg SWI can now be modeled as three independent single-phase circuits, as shown in Fig. 12 . Note in Fig. 12 that the filter components are again equal to the original components: . As Fig. 12 depicts, the transformation enables the three output axes of the four-leg inverter to be controlled independently, thus providing full control of . This new Quad-Transform has been successfully used to control a prototype four-leg SWI; details and experimental results can be found in [1] and [8] .
V. CONCLUSION Three SWI topologies have been analyzed: a two-leg (single-phase, two-wire), a three-leg (three-phase, threewire), and a four-leg (three-phase, four-wire). The switching states/voltage vectors of each topology have been identified and presented along with an analysis of the geometric arrangement of these voltage vectors. Several conclusions are drawn.
• An -leg inverter has an -dimensional leg-voltage space, but only controls an -dimensional outputvoltage space. The leg voltages of an -leg inverter project into the output-voltage space along vectors of equal magnitude equally arranged in an -DOF space. These are defined as the primary voltages vectors.
• The projection from leg-voltage space to output-voltage space can be represented by an transformation matrix. The upper column vectors of this matrix are comprised of the primary voltage vectors. The transformation matrix is invertible, and the inverse can be used to find leg modulations from desired output voltages.
• The output-voltage space of the inverters consists of orthogonal axes and, thus, the effective output voltages of an -leg inverter are decoupled, and can be controlled independently.
• A unique 4 4 " -" transformation matrix has been presented for the four-leg inverter that enables fully decoupled control of its 3-DOF output-voltage space. This new matrix is called the Quad-Transform. 
